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the known Johnson-Lindenstrauss results, concerning squared distance preservation - are
given.
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1. Introduction

The idea presented in this paper is to add a new dimensionality reduction layer to neural networks with sigmoidal
activation functions. In contrast to multi-layer nets, in which all layers are nonlinear, the proposed layer is linear in input
variables. Furthermore, weights of this layer are chosen in a random way, instead of using a kind of learning process.
At first glance it can be surprising, but recent results on random projections (see the bibliography cited in Section 3)
provide us with tools for dimensionality reduction, which retain (with a prescribed accuracy and probability) not only
the Euclidean distances between pairs of projected points, but also the inner product. Using random projections as the
first layer (very similar to neuronal random projection [1,2]), we are able to reduce the dimensionality of input data,
deteriorating their metric relationships only slightly. This approach is closely related to machine learning theory [3], where
random projections are considered as a robust concept learning tool which can be employed to reduce the dimensionality of
examples, independent of the concept class[1]. Their approach is based on the observation that random projection preserves
approximately the distances between a pair of points (Johnson-Lindenstrauss lemma [4]).

The dimensionality reduction layer consists of inner products of input vectors and weight vectors — each weight vector is
used to form a new coordinate value. Here we examine the properties of the dimensionality reduction layer in more depth,
since we have found out how normal random projection preserves the inner product of vectors. More generally, the question
we consider in this paper is whether a neural network with sigmoidal activation functions and a dimensionality reduction
layer is able to approximate the corresponding neural network with the non-reduced input dimension.

Although the observation that the inner product is preserved (approximately) by random projections, is made by other
authors [5,6], in this paper we have shown the useful tail bounds for concentration of inner products around the mean (see
Lemma 1 in Section 4).

The paper is organized as follows. In the next section we formulate the main theorem, which establishes the lower
bound on the dimension of the output of the dimensionality reduction layer, assuming that the rest of the network structure
remains unchanged (i.e. the number of neurons in the hidden layer and the weights of the output layer) and the weights in
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the input layer are also projected, using the same projection as used in the dimensionality reduction layer for projecting the
input vector. This lower bound ensures that the outputs of both networks differs only slightly (by ¢ > 0) for n different input
vectors with probability 1 — §. The dimension after projection depends only on the number of input vectors, the number of
neurons in the hidden layer, the proscribed accuracy ¢ and the probability of failing § the approximate equivalence of the
networks under consideration.

The proof of the dimensionality reduction theorem is based on properties of normal random projections of inner products.
In Section 3 we provide basic facts concerning random projections, which are used for stating the result on the accuracy
of a random projection layer in comparison to nets without dimensionality reduction. Then, in Section 4, we present the
lemma formulating tail bounds for inner products similar to the Johnson-Lindenstrauss results concerning squared distance
preservation [7]. The proof of the lemma is given in the Appendix.

2. Properties of a neural network with sigmoidal activation functions and dimensionality reduction layer

We turn our attention to a very well-known neural network with sigmoidal activation functions [8,9].
Let

M d
y(X) =U0+Zv,‘f (Zin)X]) , xeX CRd, (1)
=1 =1

be a feed-forward neural network with sigmoidal activation functionf : R — [—1, 1] —nondecreasing, Lipschitz continuous
function, such that f(t) — 1ift — ocoand f(t) - —1ift — —oo. Furthermore, we assume that X is a compact set in R¢,
as a prerequisite to the universal approximation properties of sigmoidal neural networks [10,11].

Further, define the corresponding neural network with a dimensionality reduction layer as:

M k
1 N
ys(x) = vo + E vif (k E wi(/’)xj> , xeR! (2)
i=1 =

where % = Y0 s (G = 1,.... k) and tigy = S, spwiy G = 1,....k i = 1,..., M) are a projection of vector
x € RYand w; € R? onto R* using S € R** ¢ - a random matrix whose entries are samples from a normal random variable,
i.e., s;j ~ N(0, 1) which are independent and identically distributed (i.i.d.).

We prove the following theorem.

Theorem 1. Define R = C; max; |v;|||w;|| maxXyex |||, where C; > 0 is Lipschitz constant depending on an activation function f.
Choose € € (0, 1) and § > 0. If the dimensionality after reduction k is selected in such a way that

- log2 + logM + logn — log é

k 3
162 — €3 (3)
where ¢; = ﬁ and ¢, = %, then the probability that
yx@) —ysGa)l > e, i=1,....n
is smaller than § > 0, where x4y € X,i =1, ..., n,is a given set of n points.

Proof. Note, that using the union bound, for any x and for any ¢ > 0, we obtain

M 1 k
Z Vi |:f <k Z li)w)%‘) —f(wiTx)i| > 8]
i=1 =1

Prily() —ys(®)| > €} = Pr :

M 1 k A
< Pf! [vil |f <kzﬁ)i(j)xj> —fwx)| > 8}
P =
1 k A )
< ZPT {|Ui| f (kzwi(i)xj> —fwix)| > 8}
pa =
k
< M maxPr { f (;{Zﬁ)i@fcj> —fw!x)| > |j|}
i = i

Furthermore, we have assumed that f is Lipschitz continuous

If(t+a)—fO| =<Clal, t,aeRr,
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where C; > 0 is the constant depending on f. Note, that for activation functions such as tanh or logistic function

(1 —exp—t)/(1+ exp—t) weobtain C; = 1and G, = 1/2, respectively.
Thus, we obtain

T, . Tn . .
f (k > wi(,-)xj) —f(wix) % > iR — wix
=1 =1

Using Lemma 1 (see Section 14 for details and Appendix for the proof of the lemma) for vectors w; and x we can bound
the probability that the inner products before (wiTx) and after projection (% Z'f:] Wj()X;) differ more than e ||w;]|[|x]], i.e.:

J
1&gy & w; \' x
Pr 72 'U)—J—< 1>—>e
k= lwill 1]l lwill /x|l
1. T e €&
:Pr: Ej:zlwi(,-)xj—wix > e||wi||||x||] §2exp—k<z - E)’

where € € (0, 1).
Let R = C; max; |v;|||w;|| maxyex ||x]| and let € = %. Thus, we obtain the bound

<G

& &

2 3
Pr{ly() —ys(0| > &} < 2M exp [—k (E - 6R3>} : (4)

Selecting the admissible probability of error § > 0, we can obtain the lower bound on k. Since there are n data points in
total, by the union bound inequality, it suffices if

nPr{ly(x) —ys(x)| > e} < 8.

Thus, we have

&2 &3
2nM e k| — — — <4
Xp|: <4R2 6R3)] -

and consecutively

g2 &3
expllog(2nM)] exp |:—k (ﬁ - 61!”)} < exp(log$).
The last inequality holds if
log(2nM) — log(8) < k e
& B =1k v )

1

which finishes the proof by setting c; = ﬁ and ¢, = ek

Note that R depends on maximal values of ||x||, ||w;|| and |v;| — indicating that scaling of the data used for neural network
learning is a very important task and may strongly influence the dimensionality reduction possibilities.

3. Linear random projections — a short review.

As a prerequisite for formulating and proving Lemma 1 we provide a review of results on random projections [12,1,13,
14,2,15].

In random projections, we can estimate the original pairwise Euclidean distances directly using the corresponding
Euclidean distances in a smaller dimension. Furthermore, the Johnson-Lindenstrauss lemma [4,16,7] provides the
performance guarantee.

Letu; € RY, i =1, ..., nbe the original data. Let S € R** ¢ be a random matrix whose entries are i.i.d. samples of some
random variable. The projected data are
vi=Su R, i=1,...,n.
Note that form, [ € {1, ..., n} we have

d
Upj — Vjj = Zsji(umi —uw), j=12,...,k
i1
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Whens; ~ N(0, 1) are i.i.d., then

d d
2
Umj — U = E Sji(Umi — u)) ~ N (0, E (Umi — uy) > ,
i=1 i=1

and

Vpmj — Vjj
X; = W ~NO,1). (5)

d 1/
<Z(umi - Un)z)

i=1

Denote by ||.||g) the Euclidean distance in p dimensions. Then, we can estimate

d

2 2

[t — ul”E(d) = Z(umi — uy)
i=1

from the sample squared distances as follows:
. 1 k
b= D W = v)* = llor = vnllF g, (6)

=1

We omit displaying the dependence of D? on m, I for the sake of brevity. Note that D? is estimated using the elements of
projected vectors. Below, we provide results, which show to what extent distances between projected points are close to
distances of their counterparts in the original space.

It is easy to see that [7,2,13]:

E{D*} = D*. (7)

Thus, D? is an unbiased estimator of "true” distance between points in the higher dimensional space, while its variance,
presented below, decreases to zero as k — oo

~ 2
var(D?) = ED“. (8)
Similarly,

2 2 2 2 4
E(Ivllzg) = lullgqy, vardivlze) = E”u””d)

foranyu € RY and v = Su [2].
Furthermore, according to (5)

kD k 2 5
D = LK
=]

where ZL-XZ ~ x# means that the sum has the chi-squared distribution with k degrees of freedom. Thus, using chi-
squared tail’C ernoff bounds (see [7] for details) we can obtain the bound on the probability when the relative error exceeds
e(l>e>0)

P D2 D7 <2 JEL (9)
ry ——— & ex —=¢& =& .
pr (=P T

Obviously, the similar inequality holds for the vector’s norms (a norm can be treated as a distance between given a vector
and [0, ..., 0]T),ie.,

HvlZg — lullzq! k k

pri——ft® ""E@ > D > el <2 exp <—*82 + *83) ) (10)
lulZ 4 76

In order to provide more explicit bounds, select the admissible probability of error § > 0. Since there are n(n — 1)/2 <

n?/2 pairs in total among n data points, by the union bound inequality, it suffices if

n? N
3Pr {|D2 —-D* > eDZ] <.
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Using (9) we obtain
n22€ k2+k3 <
—2exp|——¢&"+ =¢
2 P 4 6 -

and consequently
- 2logn —logéd
T e2/4—¢£3/6
provides the required upper bound for a probability of error.
It should be mentioned that one can also sample s;; from other distributions with zero mean and unit variance (see [17,
14,6]).
The above inequalities are bounds for the probabilities of deviations between distances of pairs of points in the original
space and in the projection space, which has a reduced dimension.

=c(n,&,d)

4. Random projections of inner products

Now we are interested in the properties of inner product operation after random projection S:

k

T

Uy Uy = E ViiUmi
i=1

in comparison to the original value u,Tum.
It is relatively easy to see [5,6] that
E(Wivm) = Ujtum, i=1,... k.

Let I(uy, tpm) = U U

and
R 1 k
I(u, up) = % ; ViV
Thus,
. 1<
Ei(u, um)) = o ;E(v”vmi) = uuy,. (11)
Furthermore [5,6],
var (Vvm) = W un)? + wll?lual®>, i=1,...,k
and
var(1(uy, um)) = %((u,Tum)2 + llul® um ). (12)

Using the Chebyshev inequality we can obtain

. { T, um) — I, )| N e}

el I

:,,r< ol (ofun)| _ )

(el I

k k
> viiUmi — (U] upm) var (Z UliUmi)
i=1 i=1

llurlllum i B = ke ul* lumll?

K L) + Tul luml®) 2
B = ke (13)
K2€2 [ [ 2 ke2

since ufum < Jluyl ||t |l.
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Denote by r the inner product of normed vectors x; = u;/||w|| and x,, = up/||unl, i.e.,
uf
llwlHlum||

Thus, we obtain a simpler form of inequality (13)

r =1, xn) =

pr {3 —r1 2 ¢) < 2 (14

ke?

Note, that (14) differs from inequality (9) (formulated for distances). We cannot evaluate |f(x,, Xm) — 1|/r, because
r € [—1, 1] and the factor 1/r2, which, in such a case, would appear in the right-hand side of inequality (14), can be very
large for r close to zero.

Furthermore, selecting the admissible probability of error § > 0, and using the Bonferroni union bound inequality

n?_ .
5 Pr (i xn —rl = ef <.

we obtain the inequality
2

n <5
ke2 —
Thus, selecting k > % we get a crude lower bound for k.

The other possibility is to use the Chernoff bounds instead of the Chebyshev inequality for bounding the probability
P =rr{lico, x) — 1 = €}

Using the Chernoff bounds we are able to show the following lemma. The proof of the lemma is given in details in the
Appendix.

Lemma 1. If X), and X, are random normal linear projection of vectors x,, € R? and x, € R? onto R* then

Pr {ﬁ(xl,xm) —r| > 6}
g2 &
>¢e¢ <2exp |:—k (— — )j| R
4 6

k A ~ T
1 Xme) Xi( X p
—pr 72 m(j) 10)_( m) 1
k 1Xm |l %211 IXmll / Nx:ll

j=1
where ¢ € (0, 1).

5. Conclusions

We have shown that normal random projections preserve approximately, not only the squared Euclidean distance
between pairs of projected points, but also their inner products. The concentration of inner product property formulated
in Lemma 1 allows us to justify introducing the dimensionality reduction layer as a first layer in the feed-forward neural
network with the sigmoidal activation functions.

It seems that a similar approach could also be employed for radial basis function networks, but the large values of the
Lipschitz constant may lead to a very large lower bound for k.
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Appendix. Proof of Lemma 1
We use the Chernoff bounds for bounding the probability
P=Pr {|i(xl,xm) —r| > e} .

Let z; = v;/||u|| = Sx;. The probability P = P, + P_, where

k
P, =Pr {Zz,izmi —rk > ke},

i=1
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and
k
P_ =Pr :Zzl,-zmi —rk < —ke] .
i=1
Using the Chernoff bound we obtain for any s that

k
Py =Pr {exp (sZzﬁzmi — ks(r + e):| > l}

i=1

IA

k
exp(—ks(r 4+ €))E |:exp (s ZZ“Z""'):| = exp[—ks(r + e)]H}‘zlE[exp(sz,izmi)]
i=1

and

k
P_ =Pr {exp |:—s Zzﬁzmi + ks(r — e):| > l}

i=1

IA

explks(r — €)]E |:exp (—s Zzl,zm,>:| = explks(r — €)1 E[exp(—szizmi)].

Random variables z;; i z,; are correlated and for each i they have the same probability distribution which is a bivariate
normal with the mean [0, 0]" and the correlation matrix:

B

Note, that for the sake of simplicity of the notation, the same symbol stands for random variables and for their values.
Define y1; = +/2/2z; + v/2/2zmi and yo = —~/2/22 + /2/22i.
It is easy to see that yy; and y;, (i = 1, ..., k) are normal random variables, which are mutually independent. Thus,
y1i ~ N[0, 1+ r]and y,; ~ N[0, 1 —].
Hence, the moment generation function

Elexp(s zizmi)]
is equal to
Elexp(s/2(y5; — ¥5)1 = Elexp(s/2(y5) E[exp(—s/2(y3)],

where y2./(1+71), y2/(1 —1) ~ x3.
It is known that E(exp(sX)) = /1 — 2s,if X ~ Xlz, S0

E[exp(szjizm)] = (1 —=s(1 +r)(A +s(1 —r)"V2, re[-1,1].
Thus,
PL < [(1—s(141)(1+4s(1 =] exp(—ks(r + €)),
where =L <5 < ?{r and

P_ < exp(ks(r — e)[(14s(1 4+ 1) (1 —s(1 —1r)] 72,

where — ? <s< ﬁ
We start with bounding P, . Assume thats = 2(1+er) Note, that —2/(1 +71) <€ <2/(1 —r) hold for every € € (0, 1)
andr € [—1,1].

k € € €
Pesew [2 (_22(1 Ten T Tls [1 “aaten T r)] o [1 T oaren ”D]
—exp| X _ea+n ] ed=n
_eXp[z( Tarel T~ log[l 2(1+er)] log[1+2(1+er)]>]'

We have to show that function

€ e(1+71) e(1—r)
_1+re(r+6)_l°g[ 201+ )] lg[1+2(1+er)]

is negative forr € [—1, 1] and € € (0, 1). Note, that f, (e, r) is continuous forr € [—1, 1] and € € (0, 1).

f+(6’ r) =
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Ifr =1, then

e el €A+ £a=n
Jre )= log[] 2(1+er)] log[]+2(1+€”]

€
= —€—log|1l——|—logl=—€—1lo
S R

= —€e+log(l+e€)<—e+e—€2/2+€3/3
= —€2/24+€3/3 <0,

provided that e < 1.
Similarly, if r = —1, then

1+e€

f+(e,—1)=e—log1—log[1+ ]=e+10g(l—e)§e—e—62/2<0,

€
(1-¢
provided thate < 1.

Furthermore, the derivative of f, (¢, r) with respect to r is the following
e2(2r+e((r*—1)e? +2re +r*+3))

(e(r—1)4+2)(er + 1)2(re + € + 2)

ErCre) +2r(1+€2) +3¢ — €3] €Li(e, 1)

T €r—D+2(er+Diertet2)  Mi(er)

where L, (¢, r) and M, (e, r) denote the corresponding part of numerator and the denominator, respectively. It is easy to
seethat M (e,r) > Oforr € [—1,1]and € € (0, 1).
Furthermore, f, (¢, 1) = 0 for

€2 —Veb—et—e24+1-1

file,r) =

ri(e) = <—-1, e€€(0,1
1(€) pEp 0,1
and
Y f6 — 4 —e21+1—-1
rz(e) €+ € € €- + <0,

e +¢€
where rp(e) > —1,ife < Tandry(e)— > 0ife— > 0.
To the end, observe that L, (¢,r) < 0 (and consequently f;(e, r) < 0),ifr € [—1,,(¢e)], € € (0, 1). Similarly,

Li(e,r) > 0,ifr € [ry(€), 1], € € (0, 1). Summarizing, we have shown thatf, (e, r) < 0ifr € [-1, 1], € € (0, 1).
As a consequence, we obtain that

P <e k , . k 4
Xp | ——¢€ —€e’ .
=P TYE T
For the second Chernoff bound let us assume thats = €/(2 —2er). Consecutively, we obtain —2/(14r) <€ <2/(1-r),

which is true forany € € (0, 1) andr € [—1, 1].
Thus,

P <exp|:k< € (r—e)—log|:1+6(]+r)]—log|:l—E(l—r)])}
- 2\1—er 2(1 —er) 2(1 —er)

B k € e(1+r) e(1—r)
—oo |5 (om0 -1+ 502 1 5= )|

We have to show that function
1 1-—
1—re 2(1 —er) 2(1—er)

is negative forr € [—1, 1] and € € (0, 1). Note, that f_(e, r) is a continuous function forr € [—1, 1] and € € (0, 1).
Ifr = 1, then

f-(e,T) =

f-(e, 1)

e—log[l+i]—log1:e—log
1—¢€ 1—¢€

€ +log(1—¢) 56—6—62/2
= —€*/2 <0,
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provided thate < 1.
Similarly, if r = —1, then

f_(e,—1) = —e —log1 — log |:1 :| = —¢ +1log(1—¢)

€
B (1+¢)
< —e4e—€e2243/3=—-€2/24+€3/3<0

provided that e € (0, 1).

Furthermore, the derivative of f_(e, r) with respect to r is given by

€2 (2r—e((r*—1)€* —2re +1* +3))

(e(r—1)—2)(er — D2(re + € —2)

e [—r¥ e +e)+2r(1+€?) —3e+€3]  €*L_(e, 1)
- (er + € —2)(er — D2(er — e — 2) - M_(e, 1)’
where L_ (e, r) and M_ (e, r) denote the corresponding part of numerator and the denominator, respectively. It is easy to

seethat M_(¢,r) > Oforr € [—1,1]and € € (0, 1).
Additionally, f (e, r) = 0 for

€2 —Veb —et—e2 4141
ri(e) = 3 1t €€ (0,1
€’ 4 €
and ry(e) > 0. Note, thatr,(¢) > 1.
Totheend,L_(e,r) < 0(andf_(e,r) < 0),ifr € [—1,r1(¢)]and € € (0, 1).Similarly,L_(e, r) > 0,ifr € [r1(e), 1], € €
(0, 1). Summarizing, we have shown, that

f-(e,r) <0 ifre[-1,1], €€ (0,1).
As a consequence, we obtain that also

P_ < eXp ——? + 7k 3
— € € .

fi(e,n)

Adding bounds for P, and P_ we arrive at

P<26 p - 2+7k 3
X € €,

which finishes the proof. e
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